MEASURE AND INTEGRATION: LECTURE 24 



Inequalities 



Generalized Minkowski inequality. Let 

(x, y) e R n . If W 1 — > C is measurable, then 



r = M £ x M m and 2 = 



|/(*,V)| P = 



is Immeasurable for 1 < p < 00. 
Assume that 



R=ll/, 



/ 



Then for a.e. x G M £ , /^(y) : W n -> C is in L 1 (R m ). Let 

W = / /x(y) dy. 

</R m 

Then : M. e — > C is Immeasurable and we have 

II-hIlp(r<) — / II/j/IIlp(r^) 
Jr™ 

Note this is 



/(^,y) dy 



\ Vp /• / /• \ Vp 

^ < / / l/(^,y)r <fo ^ 

/ wr^ / 



We could replace by X, Y cr-finite measure space and Y = {p±, . . . ,p n }, 
dy the counting measure and get old Minkowski's. 



Proof. We have 



\F(x)\ < [ \f x (y)\ dy, 



so without loss of generality, assume / > 0. If p — 1, then Fubini's 
theorem applies; so now let p > 1. 
Define g : R e x R m -> by 

-i/p' 



#(z,y) 

Then, for each y, 



/(^y) ll/J LP(R e ) ^ < II /y lip < °°; 

if ll/J p = 0; 
if \\fy\\ p = 00. 
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(1) f(x,y) < g(x,y) \\f y \\]! P ' for a.e. x, and 
(2) 



Ikll 



i/p 



Then 



F ( x ) = / /0&,J/) dy 

< / S^ll/J^' dy 

< ll^|| LP(Km) (^J \\fy\\ p dy^j 



x\ \ LP K m 



where C = j Rm \\f y \\ p dy. 

We now use Fubini's theorem: 



= c p ~ 1 [ ( [ g(x, y ydy) dx 
= c p - 1 [ ( [ g(x, y ydx) dy 

JR m \JR e J 
= C P 1 \\9y\\ P L p( K e) dy 

JR m 

= C P 1 \\fy\\ lp mi) dy 
JR m 

= c p ~ 1 c = c p = / \\f y \\ LP(Ke) dy. 



Thus, 



and so 



\\F(x 



f(x,y) dy 



< 



J 



\\fy\\Lp(R e ) dy 



< 



dy. 



□ 
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1 /"iron 



Application. Let / e L (R n and g E 

since 



). Then / * g G 



- y) dy 

< f (f \f(y)9(x-y)\ p dx) /P dy 
= [ \f(y)\( [ W-y)\ p dx) dy 

jR n \JR n J 



l/(y)l IMI P dy 



1 nyiip • 



Distribution functions. Suppose /: X — > [0, oo] and let > t} = 



Theorem 0.1. 



and 



f fdp= f°°pL{f>t} 

J x Jo 



dt 



[ f p d^= P r t M{f>t}t>- 1 

J x Jo 

More generally, if ip is differentiable, then 



dt 



f if of dfi= f fi{f> t}<p'(t) dt. 
J x Jo 



Proof. We have 



/ 

JR n 



dx 



dt dx 




X[o,f(x)](t) dt dx 
X[o,f(x)](t) dx dt 



Then 



i/r dx= / n{\f\ p >t}dt 

Jo 

poo 

= / n{\t\ >t 1/p } dt 
Jo 

POO 

= P fi{\f\>s}s p ' 1 ds, 
Jo 
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letting s = t 1//p , so s p = t and dt = ps p ~ l ds. □ 
Marcinkiewicz interpolation. Recall the maximal function 

Mf(x)= sup 1 / \f(y)\ dy. 
o<r<oo A{n{x,r)j J B (x,r) 

Note if / G L°°, then WMf]]^ < WfW^. Thus, M maps L°° into itself: 
M-.L^^L 00 . 

On the other hand, by Hardy-Littlewood, if / G L 1 , then 

on 

(0.1) / ,{M/>0< T ll/|| 1 , 

and M maps L 1 to weak L 1 . 

Using a method called Marcinkiewicz interpolation, we prove the 
following. 

Theorem 0.2. Let 1 < p < oo and f G L p . Then Mf G L p , and 

(0-2) \\Mf\\ p <C(n,p)\\f\\ p , 

where C(n,p) is bounded as p — > oo and C{n,p) — > oo as p — > 1. 

Proof. Observe that M/ = M |/|, so assume / > 0. Choose a constant 
< c < 1 (we will choose the best c later). For £ G (0, oo), write 
f = 9t + h t , where 



ft 0*0 



/(x) /(x) > ct; 
/(x) < ct. 



So, < h t (x) < ct for every x, and thus h t G We have 

Mf < Mg t + Mh t < Mgt + ct 

from (0.2). Thus, Mf - ct < Mg t , o if Mf(x) > t, then (1 - c)t < 
Mg t (x). 

Let E t = {/ > ct}. Then 

A{M/ > t} < \{Mg t > (1 - c)t} 

<(T^ M ^ from(0 - 1) 



3 n 



/ dx. 



Thus, 



Thus, 
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poo 

(Mf) p dx = p \{Mf > t}^- 1 
Jo 



dt 



" 1 - c Jo 



oo 

2 



3> 
1 -c 



^ ( / f dx) dt 



/ /(&) / ^ 

JR n \ JO J 



3> c 1_p 



1 — C J9 — 1 

= C(n,p) \\f\\l 



f(x) p dx 



on„„l-p Vf 

IWII, * (1 -e)(p-l) 



— »1 as p^oo 

Choose c—l/p' — (p — l)/p; this gives the best constant. □ 



